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AN ENTROPY FORMULA FOR A NON-SELF-AFFINE MEASURE WITH 
APPLICATION TO WEIERSTRASS-TYPE FUNCTIONS 

ATSUYA OTANI 


Abstract. Let r : [0,1] —>• [0,1] be a piecewise expanding map with full branches. Given 
A : [0,1] —)• (0,1) and p- : [0,1] ^ M satisfying r'A > 1, we study the Weierstrass-type function 

oo 

^A-(U9(r"(x)), 

n=Q 

where A’^(x) := A(x)A(r(a;)) • • • A(t^~^( x)). Under certain conditions, Bedford proved in [3] 
that the box counting dimension of its graph is given as the unique zero of the topological 
pressure function 

s HA- -P((l — s) logr^ + log A). 

We give a sufficient condition under which the Hausdorff dimension also coincides with this 
value. We adopt a dynamical system theoretic approach which is used among others in [S] and 
^ to investigate special cases including the classical Weierstrass functions. For this purpose 
we prove a new Ledrappier-Young entropy formula, which is a conditional version of Pesin’s 
formula, for non-invertible dynamical systems. Our formula holds for all lifted Gibbs measures 
on the graph of the above function, which are generally not self-affine. 


1. Introduction 

1.1. Motivation and preceding results. Let iIi)iZo be a partition of [0,1] into intervals with 1° 
and li being the interiors and closures, respectively. Then we consider the map r : [0,1] —^ [0,1] 
such that the restrictions rpo : 1° — >■ (0,1) are C^^-diffeomorphisms with inf(T|/o)' > 1 for 
i G {0, where means that a Holder continuous derivative exists, without specifying 

the Holder exponent. In addition, let A : [0,1] —>■ (0,1) and 5 : [0,1] —>■ M be maps which are 
on each 1° satisfying Ar' > 1. 

We study the Weierstrass-type function 

CXD 

Wr,x{x) := A”(a;)g(r”(a;)) 

n—0 

from a dimension theoretic point of view, where A^(x) := A(x)A(t(x)) ■ ■ ■ A(t^~^(x)). 

We recall a pair of selected results from the literature. To be precise, we assume during the 
citation that r, A and g can be extended to C^^-functions on K/Z. Let s(r. A) G M be the unique 
zero of the Bowen equation 

P((l - s)logT'-hlogA) = 0 (1) 

and G P([0,1]) the equilibrium measure, where P denotes the topological pressure. Moreover, 
let ^ denote the associated KS-entropy. 

First, the box counting dimension of the graph of HA-,a is proved by T. Bedforld in [3] to be 


s(r, A) = 1 -I- 


+ / log ^ dVr,\ 
flog t' dVr,\ 


( 2 ) 


whenever the function HA-,a is not differentiable. Note that he generalised a result of J. Kaplanan, 
J. Mallet-Pareta and J. Yorkea in for a significantly larger class. 
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Second, A. Moss and C. P. Walkden constructed in [18] a randomized version of the function for 
a large class of g including trigonometric functions, in a similar fashion to B. Hunt’s work [5], for 
which the Hausdorff and the box counting dimension of the graph coincide with the same s(t, A) 
almost surely. 

These results lead to the conjecture that both dimensions may always be identical. Neverthe¬ 
less, this general conjecture is denied by a counterexample which M. Urbanski and F. Przytycki 
constructed in |19j for a so-colled limit Rademacher function related to a Pisot number, making 
use of some combinatoric properties of that algebraic number. 

Our Theorems □ dl □ give a partial positive answer to this problem by providing sufficient 
conditions. We employ a dynamical system theoretic approach making use of the new dimension 
and entropy formula stated in Theorem [Tj 

Remark 1 . 1 . Similar approaches were taken among others in m,m and [12]. More recently, K. 
Barahski, B. Barany and J. Romanowska studied in [I] the classical Weierstrass function, which is 
given by choosing t{x) = £x mod 1, g(x) = cos(27ra::) and A to be constant on each li. Combining 
the results of [12] and [22], they discovered an explicit parameter region, for which the Hausdorff 
and the box counting dimension of the graph coincidejj Our Theorem |S] extends their results. 

Remark 1.2. We also mention that an alternative shorter proof for the work [T] is given by G. 
Keller in m, which can also be modified for our Theorems HE] by using large deviation results. 
This is, however, not the content of this note. 

1.2. Main results. We present our main results, some of whose proofs can be found in Sections 
H H and El Given ^ S [0,1], the function g^ : [0,1] —>• R is defined by q^(x) := 7r|'*(a:, lF(a:)), where 
ttI'* : [0,1] X R —7> K is the projection on the the hyperplane {0} x R along the strong stable fibres 
with respect to ^ which will be introduced in Subsection 12.21 after a suitable dynamical system 
is constructed. The precise definitions are listed at the beginning of Section E] Then we can 
disintegrate the lift g G 7^([0,1] x R) of a r-invariant v G P([0,1]) on the graph of Wr,\ as 

g := (Id, Wr,x)*v = J ° iv) 

for each f G [0,1], where /i( 5 ,y) G P([0,1] x R) is to be interpreted as the conditional measure on 
the strong stable fibre through 0, y). Moreover, z/ can be extended to G P([0,1]^) naturally 
as (ITTl) . 

Theorem 1 (Dimension and entropy formula). Suppose that v G P([0,1]) is a Gibbs measure. 
Then p, T{^,q^(x)) o.re exact dimensional and the dimensions are constant for v'^^^-a.a. 

(^, x) G [0,1]^, satisfying dimij (p) = dimij + dim// o g-^^ and 

h^ = dim// ■ J logr'dz/- dim// o ■ J log Adz/. 

Remark 1 . 3 . The dimension and entropy formula were originally introduced by F. Ledrappier 
and L.-S. Young in m for diffeomorphisms on a compact Riemannian manifold. Then Ledrappier 
established in |12j their counterparts for non-invertible models through an invertible extension. 
He sketched the proof for the case t{x) = 2x mod 1 and Lebesgue measure, which we extend in 
Section EJ 

Remark 1 . 4 . Barany proved in [3] the corresponding formulas for self-afHne measures. Although 
the measures we investigate are not self-affine, some of his results are fairly similar to ours. Instead 
of the self-affinity, we make use of not only the Gibbs property of the marginal measures but also 
the structure of the function Wr.x- 


^Meanwhile a result which covers all parameters was published, see m- He modified the sufficient condition 
provided in m- 

^See Proposition 13.31 
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With additional information, the Hausdorff dimension of /r can be derived from the above 
formulas. Here the random variable 0(-,x) : [0,1] —>■ K., which will be defined in (ITT]) , describes 
the ’random’ strong stable direction at the point (x, Wr,A(x)) in sense of (fT^ together with (ITT]) . 
Note that the marginal measure := • x [0,1]) satisfies the relation ((T5|) . 


Theorem 2. Suppose that v G P([0,1]) is a Gibbs measure and let p, be its lift on the graph of 
Wt,\- If the distribution of Q{-,x) under i>~ has Hausdorff dimension 1 for v-a.a. x G [0,1], then 
we have 


dim//(^) = min 


1 + 


h^, + J log A dn hi, 
f log t' diy ’ — f log A diy 


where the first value is taken if and only if dim// (//) ^ 1. 

Moreover, we have dim//(/i) ^ 1 if and only if hi, ^ — J log Xdv. 


Proof. By Theorem [T] together with Lemma 14.11 we have 


dim//(^) = 


f log A di^ 
f log t' du 

hi, 


- f log A di^ 


if dim//(/i) ^ 1 
if dim//(^) < 1 


Observe that in case dim//(/i) ^ 1 we have hi, + JlogAdu ^ 0, while in the other case we have 
hi, + J log Xdi/ < 0. Thus we can finish the proof, rewriting 

■ , h„+JlogXdi' hi, \ hi, , . L h„ 1 A , /logAduA 

\ / log r' du — J log Xdv ) f log t' dv I ~ / log Xdv \ \ f log r' du / 

□ 


Remark 1.5. Without the assumption on 0, generally, the statement of the above theorem is by 
no means true since the value on the right hand side does not depend on g, although the one on 
the other side heavily does. However, we mention that our assumption is much stronger than the 
non-degenerate case in sense of [3], i.e. W is not differentiableH For instance, in case g is non-zero 
constant and A is piecewis^l constant (but not trivial), Wt,a is not differentiable despite 0 = 0. 
In particular, the box counting dimension of the graph is still s(r, A) according to [5]. 

Remark 1.6. In the above proof we applied Lemma l4.II This is a key lemma, whose prototype 
appears in Ledrappier’s note |12j and is also referred to in [T]. Because of its importance we will 
deal with it in Section |T] separately. There we will give a complete proof for a slightly more general 
situation, which is based on some ideas in m and m- 

The next result is a consequence of the preceding theorem. Recall that s(t. A) G R and Vr,\ G 
P([0,1]) are defined in ([T]). 

Theorem 3. If the distribution of 0(-,a;) under vf ^ has Hausdorff dimension I for Vr.\-a.a. 
X G [0,1], then dim//(graph(W,-,A)) = dimB(graph(HV,A)) = s{t,X). 

Proof. As mentioned, dim//(graph(IFi-,A)) ^ dimB(graph(Wi-,A)) = s(t, X) is proved in 00 

0 

In order to prove dim//(graph(Wr,A)) ^ s{t,X), it suffices to show dim//(^T-_A) s(t. A) since 
dim//(graph(Wi-,A)) ^ dim//(//i-_A) by Lemma [2.101 Observe that h„^ i^ ^ — J log Xdvr,x follows 
from (ED as s(r, A) ^ 1. Concerning the fact that the equilibrium measure is a Gibbs measure, 
the claim follows from Theorem [51 □ 

Although the last theorem is a powerful tool to determine the Hausdorff dimension of the graph, 
the verification of the assumption on ©(•,x) is in many cases quite challenging. Finally, we give 
two examples. The details will be discussed in Section O 


^In fact, W is either or nowhere continuous. 

^Our ’piecewise’ is always related to 

^To be precise, in all functions are assumed to be on T^, instead of the piecewise regularity. However, 
the difference is not essential in that proof. Alternatively, it is not difficult to derive the upper bound by means of 
the Gibbs property of t'r,A? constructing Moran covers. 

®Note also that a direct proof for dim^f (graph(lTT- a)) ^ s(r, A) is given as proof of |181 Proposition 2.2]. 
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Theorem 4. Let 70,71 G (0,1) and ao,ai G R satisfy 7000 ^ 7iai. Suppose I = 2 and that t 
and g are piecewise linear. Furthermore, suppose that X{x) := 7 ^ \Ii\ and g'(x) = at for x G li, 
i = 0,1. Then there is a set E C R of Hausdorff dimension 0 such that dim//(graph(WV m)) = 


dims (graph) Wr, *a)) 


s(r, tX) for all t G 


max{ 7 o, 7 i},min{ 


70 71 1 

y/\h\' y/\h\\ 


\E. 


Remark 1.7. In Theorem 01 if additionally |Jo| = |/i| and 70 = 71 are satisfied, and if g{x) = 
dist(x,Z), then Wr,t\ are Takagi functions which are studied in [T^- 


Theorem 5. Suppose £ ^ 2 and that t is a piecewise linear. Furthermore, suppose g{x) := 
cos(27ra;) and X := (r')“® for a 0 G (0,1). If both 


and (3) 

G (^(niin (max|/j|)^“®^ + G (^(niin (max < do, (4) 

are satisfied, then dim//(graph(WV,A)) = dims(graph(WV,A)) = 2 — 9, where 

do := inf inf sin^ {'k{p^{x) - Pj{x))) , and G{s, t) := (l^ 

for s,tG ( 0 , 1 ). 


Remark 1.8. Let us consider the special case of Theorem!^ where t{x) := £x mod 1. Further¬ 
more, let A G (l/£, 1) be a constant function. Then the condition ([3]) is trivial, while the other 
condition (|4]) is satisfied, if £ > 3 and (t')“® = £~^ G (A/, 1). Here A/ is the unique zero of 

•= (a - 1)2 (£2a- 1)2 “ (l) ■ 

This is a part of [1] Theorem A] which we technically extended. Notice that the cited theorem 
provides another condition for the case £ = 2 which apparently relies on the specific choice of t. 


2. Preliminaries 

As long as the parameters are fixed, we simply write W instead of WV.a- 
Here is the general notation of this note: 

• Let Pi : [0,1] —>■ li be the continuous extension of the inverse map of the branch T|/? for 
each i G {0, ...,£— 1}. 

• Let := o • • • o p^^ for (wi,..., w„) G {0,..., £ - 1}" and n G N. 

• Let k{x) := i for a: G A. 

• Let [x\n := {k{x),k{T{x )),... , fc(T”“^(x))) G {0,..., £ — 1}” for x G [0,1] and n G N. 

• Let In{x) be the monotonicity interval of containing a; for a: G [0,1] and A^ G N. 

• Let Sr '.= {iNix) : a; G [0,1] and TV G N} U {0}. 

• For a function (j) on [0,1] we write (j)^ := nr=o^ (j)oF and (fn ■= 4’ ° 

• We use expressions like r', when the non-differential points can be ignored. 

For a metric space E let 'P{E) be the set of Borel probability measures and B{E) be the Borel 
algebra. Further, for a family F C B{E) let (j{F) denote the smallest cr-algebra containing F. Note 
that Sr is a semiring, which generates i3([0,1]). Thus if two finite Borel measures on [0,1] have 
identical values on Sr, they must be the same measure. Indeed, we have the following theorem. 

Lemma 2.1 (Corollary of the approximation theorem (cf. [11] Theorem 1.65(ii)])). For any 
V G P([0,1]), A G H([0,1]) and e > 0 there are N gN and mutually disjoint Ji, ..., J/v G Sr such 
that 


1 / 


< e. 
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2.1. The dynamical system and its inverse. We introduce a dynamical system which char¬ 
acterises the graph of WV,a as a repeller. Then we construct an invertible extension which enables 
us to work with an attractor. 

If we consider the skew product dynamical system G : [0,1] x R —>■ [0,1] x R defined by 
G{x, y) := , the graph of W can be characterised as its unique repeller. Indeed, the 

graph is an invariant set, i.e. we have 


G(x,W(x)) = (t(x),W(t(x))) 

for all X € [0,1], while all other points are driven to infinity because of the uniform expansion in 
the vertical direction. 

Now, we construct an inverse system of this as follows. First, we extend the basis dynamics 
T : [0,1] —>■ [0,1] to the second component of the inverse of the following non-linear Baker map. 
We define the non-linear Baker map B : [0,1]^ —>■ [0,1]^ by 


B(^,x) := (r(C),Pfc( 5 )(a;)). 

Notice that our definition of the Baker map may be unusual, especially when r preserves Lebesgue 
measure. We just adopt the simplest one. Observe that B~^{^,x) = (pfc(a:)(C),^(a;)). Then we 
consider the skew product system F : [0,1]^ x R — >■ [0,1]^ x R by 

Fii,x,y) := {B{^,x), X{pk(^){x)) ■ y + g {pk(^){x))) . 

Clearly, the second and third coordinates of F is the inverse to G. Moreover, it is straightforward 
to verify that 

F{^,x,W{x)) = {B{^,x),W (pfe( 5 )(a;))) (6) 

holds for all {^,x) G [0,1], i.e. the graph of (5,a;) >->■ W{x) is invariant under F. Moreover, this 
graph is the global attractor of the system due to the uniform contraction in the vertical direction. 
Observe that any iterates are also skew-products, i.e. we can define for n G N the fibre map 
x)iy) : ® —>■ R with respect to F"” by 

Indeed, one can calculate 


P(iAy) = (p[«]n(^)) -y + ^n (PKiJx)), 


where Wn{x) := J2]=o 

We define the (KS-)entropy w.r.t. a r-invariant probability measure u € 7^([0,1]) by 




lim — 

N—¥CC) N 


logu(/Ar(x))du(x). 


(7) 

( 8 ) 


Recall that, if u is ergodic, then the Shannon-McMillan-Breiman theorem guarantees the conver¬ 
gence 


hi/ 


lim 
N —^oo 


- log i/{In{x)) 
N 


(9) 


for u-a.a. x G [0,1]. 

We also note the following facts. 


Proposition 2.2. If v & ’P([0,1]) is ergodic, then we have 

lim ^i2£M£)l= / tog/d,, 

N^oo N J 

for v-a.a. x G [0,1]. In particular, f log t' dv = — J log \Ik{-) \ dv. 

Proof. By the mean-value theorem and the distortion estimate of log t' there is a C > 0 such that 

C-i < { t ^)'{ x ) ■ |/Ar(x)| ^ C 

for all X G [0,1] and iV G N. Now, the claim follows by Birkhoff ergodic theorem. □ 


The following elementary property of the function W describes its local behaviour accurately. 
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Proposition 2.3 ([181 Proposition 3. iQ). There is a Cm > 0 such that 

sup \W{u) — W{v)\ ^ Cm [x) 

u,v^In{x) 

holds for all x G [0,1] and N € N. 

2.2. Strong stable fibres. Observe that F has the derivative matrix 

fr'iO 0 0 

DF{f,x,y)=\ 0 (l/r')(p/c( 5 )(a;)) 0 

\ 0 {{yX'+ g')/T'){p^^){x)) X{pk(^){x))y 

where we consider only those x G [0,1] for which all derivatives exist. 

As this is a triangular matrix, one can see in its diagonal the characteristic contracting and 
expanding scales of this uniformly hyperbolic system. Especially, the middle value contributes to 
the strongest contraction. In order to determine the corresponding direction, which we call the 
strong stable direction, we define 

OO 

X^{f,x,y) := -^7” (%]„(a^)) (P[«]n(a^)) + <?' (PK]n(3^))) - and (10) 

n—1 

( 11 ) 


Q{i,x) := X:i{i,x,W{x)) 

for {f,x,y) G [0,1]^ X R, where 'y{x) := 1 /{t'X){x). Since we have 


DF{f„x,y) 


0 

1 




X 30 F{^,x,y) 


( 12 ) 


for each {f,x,y) G [0,1]^ x R, the vector (0,1, Ai 3 (^, x, y))^ indicates the strong stable direction 
at {^,x,y). More precisely, let ^ be the solution of the initial vale problem 

1 = y 

Clearly, the curve v i-A ^ y)(^)) represents the strong stable fibre through {f,x,y), which 

in particular satisfies 


F 




(13) 


Slightly abusing notation, we call the function ^ also the strong stable fibre through {f, x, y). 
The next proposition shows that the strong stable fibres are almost parallel to each other. 

Proposition 2.4. There is a Cg > 0 such that 

\y - y'\ < ^llx,y)iv) - ^Cg\y- y'\ 

holds for all f,x,v € [0,1], y, y' G R and r > 0. 

Proof. From ([7]) and ([lOp follows 


= y-v'+ 

|-V3(e 


= y-y'- [ (^(|,^,y)(s) 

J X ^ 


») ds, 


where 


^(C,s) := ^ 7 ” (PK]n(s)) A" 1 (pK]„_i(s)) A' (p[4]„(s)) . 


n—1 


7 


[m 


Note that the additional assumption of that paper that all functions are C'^'^ on is not used in the proof of 
Proposition 3.1]. 
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Thus we have 


• |y - 2/'|. 


□ 


Any r-invariant u G ’^([0,1]) has the unique _B-invariant extension u®’'* G 7^([0,1]^) which is 
determined by 

(Im (p[4]M(a:)) X In(x)) := ly (Im+n (pk]„(x))) (14) 

for M,JVgN and (^, x) G [0,1]^. 

Furthermore, we define the (r-invariant) marginal measure := u®’'*(- x [0,1]). Then there 
is a conditional distribution with respect to the vertical partition {{^} x [0,1] : ^ G [0,1]} which 
can be written as product measures <5^ 0 with G 7^([0,1]) and satisfies 

u®’'* = J diy~{^), (15) 

see [i Example 5.16]. In addition, let ^®’^* := (Id, VF)*u®’^* and /i^ := (Id, W)*iy^. 

Remark 2.5. The preceding disintegration of the measure is a prototypical example of Rokhlin’s 
work [20] (see also [S] Theorem 5.14]). We mention that some statements in Section [3] can be 
alternatively verified by applying this theorem. 


2.3. Gibbs measure. We call a r-invariant u G 7^([0,1]) Gibbs measure for the potential (j) which 
is Holder continuous on li for each i G {0,...,£ — 1}, if there are > 0 and P{4>) G R such that 


J _ < i^{In{x)) 

Cfj) '' 


(16) 


for all X G [0,1] and iV G N. 

Note that our potential is always supposed to be Holder continuous in the above sense. 

We prove several properties of Gibbs measures. In this subsection, let u be a Gibbs measure. 


Proposition 2.6. We have 

3 z/(/jv(x)nr-^A) 

^ ^ iy{lN{x))-iy{A) ^ ^ 

for all X G [0,1], iV G N and A G B{[0, 1]). 

Proof. Let In{x), Im{x) & Sr be arbitrary. Observe that In{x) 0 {Im{x)) = In+m{x') and 

Im{t^x') = Im{x) for any x' G In{x)C\t~^Im{x). Since such a x' always exists, by (fT31) we have 

ly{IN{x)f^T-^ {Im{x))) G 

C [G^^ Cl] ■ e^^C')-NPW . 

C [C-\Cl]-iy{lN{x))-iy{lM{i)). 

As this consequence is true for all I Mix) S Sr, the claim follows by Lemma [2. II □ 


Proposition 2.7. We have 


for V -a.a. f. 

In particular, we have 


lA ’ /X 




e [C^^,Cl], 


where v ®v denotes the product measure. 





ATSUYA OTANI 


Proof. Consider the cr-algebras In ■= cr ^ [0) 1] • C ^ [0,1]}) for N gN. Observe that the 

filtration (Ijv)AeN has the limit cr-algebra Too := = -B([0,1]) x [0,1]. Let x G [0,1] and 

M G N he fixed. Then, by (fHl) and ((T5)) we have 


X [0,1]) 


_ ^{lM+N{p[i]N{x))) 

v{In{P[G\m{x))) 


Furthermore, since {6^ 0 r'^)^g[o,i] is a conditional distribution of 
martingale convergence theorem we obtain 

v^{Im{x)) = X lMix)\Ioo)i^,x) 

= lim z^®^*([0,1] X/M(i)|2:A)(C,a;) 

A—>oo 


with respect to X^o, by the 


lim 

N—^oo 


X [0,1]) 


e [C^-^C'3].^.(/M(^)) 


for i/®’'*-a.a. {^,x). As this consequence is true for all Im{x) G Sr, the inclusion of jv in the 
first claim follows by Lemma 12.11 which implies also the inclusion of jp. Finally, the second 
claim now follows by virtue of (|T5|) . □ 


Proposition 2.8. Let t G (0,1). Then, for v-a.a. x G [0,1] there is a G N such that 


holds for all N ^ Nj,. 


^\Im ix)\t^ i.x') C I]\[(^X^ 


Proof. We introduce the symbolic notation ■= C t ^ilui 2 ) H • • • fl r 

wi,..., ujn G {0, Furthermore, let 

Em,N '■= [J I{uii,...,uim)*0m ^ 

where * is the concatenation operator, and Om and 1 m are the sequences of 0 and 1 with length 
M, respectively. Let S := min{|/o|, |/£_i|}. Then, for a := let ■= la{N — 1)J and 
En ■= Emn.n- Note that 0(0) < P(0) and 0(1) < P(0) are satisfied due to the Gibbs property, 
as 0 and 1 are fix points of r. Since 

v(Er,) = K[0m.]) +K[1m.]) ^ 

is summable, by Borel-Cantelli Lemma for ^-a.e. x there is a such that x ^ Ejy holds for all 
N ^ Nx, which means especially that 


E\l!.f[x)\t’^{x) '®|/jv(a;)|i 5 ^“ (^) — ( 2 ^) f= Iwix). 


□ 


2.4. Dimension of measures. We review some facts from the dimension theory. For a metric 
space E the lower and upper pointwise dimension of ^ G E{E) at a; G A is defined by 


d {x) = lim inf 


^ogpiBrix)) 


and (i„(a;) = limsup , 

r^o logr r^o logr 

where Br{x) denotes the closed ball with radius r > 0 and centre x G E. If the limit exists, we 
can also define the pointwise dimension 


log p{Br{x)) 


dn(x) = lim 
r-)-0 


log p{Br{x)) 
logr 


Moreover, the measure p is called exact dimensional, if dfj,{x) exists and is constant for /r-a.a. 
X G E. In this case, we call dmiH{p) ■= df^ the Hausdorff dimension of p. 

We give slightly more flexible forms. 
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Proposition 2.9. Let ^ be a Borel measure on a metric space E. Let K > 0 and {PN)NeN C 
(0,oo) be such that Pn \ 0 monotonically by N ^ oo and 


Then we have 


log/3Ar-^l 

lim - 

Af-s-oo log Pat 


= 1 . 


d,,{x) = lim inf 

A->oo 


log/x(gK^^(x)) 

log/3iv 


and 


d^{x) = lim sup 

N—¥00 


\ogp.{BKfiM{x)) 
log Pn 


for each x € E. 


Proof. Let x € E he fixed. The claim follows from the fact that 

\ogn{BK0Nix)) ^ log^i{Br{x)) ^ log/r {BKfj^+.jx)) 
logKPisr+i logr ^ log KPn 

holds for all r > 0 and N gN such that KPiq+i ^ r < KPn- □ 

In this note, for a given (r-invariant or not) u G P([0,1]) we study lift p. G P([0,1] x R) on 
the graph of W, i.e. := (Id, IT)*u. This lifted measure fi plays a crucial roll since its lower 
pointwise dimension delivers the lower bound of the Hausdorff dimension of the graph of W as 
the next lemma shows. 

Lemma 2.10. Let pL be the lift of a v G P([0,1]) on W. If d^ ^ d fjL-a.s. for a d G M., then 
dim/f(graph(IT)) ^ d. 

Proof. As fjL (graph(IT)) = 1, the claim follows from Theorem 2.1.5]. □ 


In order to calculate pointwise dimensions making use of the underlying dynamics, we often 
need to deal with bad-shaped objects instead of balls. For this purpose, the following general 
version of Besicovitch covering theorem, which is originally proved in is a very powerful tool. 

Lemma 2.11 (Besicovitch covering theorem (cf. |S] P.6 Remarks (4)])). Let A be a bounded subset 
of M". For each x G A a set H (x) is given satisfying the two following properties: (a) there exists 
a fixed number M > 0, independent of x, and two closed Euclidean balls centered at x, Brt^x){x) 
and BMr{x)(x) such that Br(x){x) F H(x) C BMr(x){x); (b) for each z G H(x), the set H(x) 
contains the convex hull of the set {z} U Br(x)ix). Then one can select from among {H{x))x^a h 
sequence {Hk)k satisfying 

(1) The set A is covered by the sequence, i.e. A C Hk. 

(2) No point o/R." is in more than On^M (o- number that only depends on n,M) elements of 
the sequence {Hk)k- 

(3) The sequence {Hk)k can be divided in ^n,M (a number that depends only on n, M) families 
of disjoint elements. 

As the first application, we derive a flexible version of Lebesgue density theorem. 

Lemma 2.12 (Borel density theorem). Let v G P(IR.") and g G L^. Suppose that for all x G M" 
and d > 0 there is a measurable set Hs(x) such that: 

• {Hs{x))x^r'‘ satisfies (a) and (b) of Lemma \2.11\ (with M >0 independent ofS), and 

• lim 5 _,.o diam(iJ 5 (x)) = 0 for each x G M". 

Then we have 

lim —^--- [ q dv = q(x) 

s^o viHsix)) Jh,{x) 

for v-a.a. x. 

Proof. As this result is surely not new, we only sketch the proof mimicking that of [13 Lemma 
4.1.2]. Since the claim is clearly true for continuous g, it suffices to show that the set of the functions 
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g which satisfy the above condition is norm closed in L]^. The closedness follows immediately if 
we show the maximal inequality 


/r < X G [0,1] : sup 




gdv > \ \ ^ 


„M 


gdu, 


for A > 0, as we demonstrate at the end of the proof of Proposition 13.131 for a slightly different 
situation. 

Finally, the proof of the maximal inequality is the same as that of m Lemma 4.1.1(a)] if we 
replace the classical Besicovitch covering theorem by Lemma [2.Ill □ 


3. Ledrappier-Young theory 


We state and prove several formulas about the entropies and dimensions. The goal is to prove 
Theorem [TJ 

In this section we use the following convention. 

• Let u G 7^([0,1]) be a Gibbs measure for a potential (p. 

• Let Crf, denote the constant of the Gibbs measure v. 

• Let ^ G P([0,1] X R) be the lift of v on the graph of x i-A lF(x). 

• Let G 7^([0,1]^) be the B-invariant extension of v. 

• Let G P([0,1]^ X R) be the lift of on the graph of (^,x) i-A W{x). 

• Let '■= • • • G for wi,..., WAT G {0,..., £ - 1} and Y G N. 

• Let '= ^ K and Rn{x) := In{x) x R. 

• Let := {(77i)N G {0,..., £ - 1}” : ? 7 i = wi,..., = wat} be the cylinder set. 

• Let Z := : wi,..., wat G {0,..., £ - 1} and Y G N} U {0}. 

• Let X : {0, ...,£- 1}'^ -)> [0,1] be the coding defined by flAfeN = {x(w)}. 

• Let 7r|"(x,2/) ;= £(|,,,,j,)(0) and n®*(^,x,y) := (^,7r|®(x, j/)). 

• Let q^{x) := 7r|" (x,W(x)) and q{^,x) := (^,q^{x)). 

• Let := (7r|®)“U[y “ G 2/+ ?'])■ 

• Let := {[^-r,( + r] x [y-r,y + r]). 

• Let Er(C,x) := ^iv,y) G [0,1] x R : |£(|,j,,y)(a;) - W{x)\ < r|. 

• Let 5x denote the Dirac measure on a point x. 

In addition, we simply write Br(x,y) instead of Br{{x,y)). 

As usual, we consider the probability measures P({0, ...,£ — 1}^) with respect to the the 
cylinder topology. The following fact is well-known. 


Lemma 3.1 (Corollary of the extension theorem). Suppose that the set function ^ : Z —>■ [0, 1] is 
additive and ((0) = 0. Then there is a unique ( G 7^({0, ...,£— 1}^) such that = f. 


Proof. Evidently, the family Z is a semiring. As every cylinder set is compact, from the additivity 
follows the CT-subadditivity. Therefore we can apply the extension theorem (cf. [11] Theorem 
1.53]). □ 

3.1. Conditional measures for p. The purpose of this subsection is to define the conditional 
measures of p with respect to the induced ^-strong stable fibres. 

Let ^ G [0,1] be fixed arbitrarily. Let us consider 


and Y G N J 

We have po (7r|'*)“^(t/^) = 1 since by Lemma 12. 12l we have for all wi,..., wjv G {0, ...,£— 1} and 
Y G N that 


< z G 


lim,. 


u{BlPz)rR^^^ . 


exists 


for all wi,... ,ujn G {0, ...,£— 1} 


lim 

r—¥C<D 



P^,{uJi ,.. .,u;Ar) ('^) 


(17) 
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holds for fi o (7r|®) ^-a.a. where denotes the Radon-Nikodym derivative 

d(/io(7r-)-i) ■ 

Let z G Gf- We define 

for all S Z. As this set function is clearly additive on Z, by Lemma 13.11 we can 

extend it to a measure G 'P{{0, ■■■,£— 1}^) uniquely. Now, we define z) := o x~^- 
For z ^ Gf let simply u/c := u- Now, we can define the family of conditional measureaj 
{^,Z„ KMMO.HxItlwhere 

Proposition 3.2. IFe have 

J %. 2 ) ({w}) d{fio (7rf)-i) (z) = 0 

for any ^ G [0,1] and oj G {0, 1}*^. 

Proof. By the monotone convergence theorem, we have 

J ({w}) d{po (Trf )-^) (z) = J U( 5 _z) d{po (Trf )-^) (z) 

= J d{po (7rf)-i) (z) 




□ 


(19) 


where the last equality is due to the Gibbs property. 

Proposition 3.3. Let ^ G [0,1]. Then we have 

P = j P(i,qi:(x))dv{x). 

In particular, for v-a.a. x we have 

T{i,qdx)) (graph(W)) = 1. 

Proof. Evidently, the family 

C ■= {R{u,i,...,ljn} : wi, ... ,a; 7 v G {0,... ,t - 1}, AT e N and A G i3(M)} 

is n-stable. We consider 

Vf^x,y) := ^{x,y) : X G lNr{x){x) a.nd ^ (x) - i/ ^ r| , 

where Nr{x) := min{A^ : |/Ar(a^)| ^ x}. As Vf‘^{x,y) G C for all {x,y) G [0,1] x K and r > 0, we 
have a{C) = yB([0,1] x R). Observe that x(Z(uji uiN))^h‘^i ^ finite set. Thus, by (ITTll . 

m and Proposition 13.21 we have 

= [ d{pO (TTf )-l) (z) 

J A 

(-^(LL’i,---,t^iv) ^ dvi^x) 

^Lemma 13 . 41 implies that, given ^ G [0,1], the family {/^(^, 7 r|® (a;,y)) ■ ^ [0i 1] ^ actually a conditional 

distribution of fi with respect to the fr-algebra of the ^-strong stable fibres, i.e. 
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for all 1^ (’’’c) G C since ((^|*) ^(-2^)) = 1- This finishes the proof of the first 

claim. 

Finally, the remaining claim is true as / (gi'aph(tF)) (^/{x) = fi (graph(tF)) = 1. □ 


Lemma 3.4. IFe have 

/ fix,qdx)) dv{x) = 


f{x,q^{x)) 
and ^ G [0,1]. 


dv(x) 


for any bounded measurable / : [0,1] x K. — 

Proof. By Proposition 13.31 we have 

J fix,q^{x)) dv{x) = J / (a:,7r|"(x,2/)) dn{x,y) 
= j j f {xj 




dv(e„q^(x)){x) dv{x) 

JJ I (i, qd^)) diy{^,q^(x:)){S;) diy{x). 


□ 


3.2. Conditional measures for /r®’'*. The purpose of this subsection is to define the conditional 
measures of /i®’'* with respect to the strong stable fibres on each -hyperplane. We also define the 
associated conditional entropy. 

Let us consider the set 

f n‘’-^Bf:is,z)n[0,i]xR^^, .'I 

p := (^, z) e [0,1] X R : I . 

[ exists for all wi ,...,ujn G {0, ...,£— 1} and iV G N J 

We have /x®’'* o = 1 since by Lemma 12.121 we have for all wi,... ,ujn G {0, ...,£— 1} 

and N G N that 




( 20 ) 


holds for /i®’'* o (n'*®) ^-a.a. (^, z), where p®)^‘ denotes the Radon-Nikodym derivative 

d(Ax®-^(((n-)-c)n[o,i]xR(^^,...,,,,))) 

d(^®’'‘ o (B'*®)-!) 

Let (^, z) G T. We define 

:= ( 21 ) 

for all G Z. As this set function is clearly additive on 2^, by Lemma 13.11 we can 

extend it to a measure 2 ) G 72’({0, ...,£— 1}^) uniquely. Now, we define ° 

For (^, z) ^ T let simply '■= v. Now, we can define the family of conditional measure^ 

{^(^ 2 ) : {d z) G [0,1] X K} by letting 


P^t^) ■■= (Id,^(|.o..))*C.)- 


Proposition 3.5. We have 


J C.) (M)d(M'^’^*o(^-)-i)(z)=0 


for each u G {0,..., £ — 1}^. 


^Lemma o implies that, the family ^ ^ [0^ 1]^ is a conditional distribution of 

with respect to the cr-algebra of the strong stable fibres, i.e. (n^'®)“^i5([0,1] x M). 
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Proof. By the monotone convergence theorem, we have 

/ ({^}) d o (n-)-i) (e, = ^lim^ J d o (n-)-i) (e, z) 

= ^Ihn^ j 

= ([O’1] X 

= 1 ™ = 0 , 

J\ —yoo 

where the last equality is due to the Gibbs property. 

Proposition 3.6. We have 

Proof. Evidently, the family 

C := {[0,1] X n : wi,..., u;^ e {0,..., t - 1}, e N, and A e S([0,1] X 

is n-stable. We consider 


□ 


:= : x G lNrix)ix), \^ - i\ r and 


£f~ - -.(x) — y 


< ?■} , 


where W(a^) := min{7V : |/Ar(a;)| < r}. As V^^{^,x,y) G C for all (^,a:, j/) G [0,1]^ x R and r > 0, 
we have a{C) — ,B([0,1]^ x K). Observe that is a finite set. Thus, by 

(EOl), (ED) and Proposition 13.51 we have 

J A 

J A 

J A 

= / <^5 ® Pit) ([0,1] X i?(.,....,.„)) d (/!-* o (n-)-i) (^, z) 

J A 

= /<5« ® Pltpx)) ([0,1] X „„..,) n (n-)-iA) 

for all [0,1] X R(^uii,...,uin) O (11®®)“^A G C since 6^ O Pit) ((n**)~^ ((?i2/))) = 1- This finishes the 
proof. □ 

Lemma 3.7. We have 

J .f {x, q^{x)) x) = J J f (x, C, Qdx)) dttpx))ix) x) 

for all bounded measurable f : [0,1]^ x K —>■ R. 

Proof. By Proposition 13.61 we have 

J f {xd,<ldx)) dv^"^\^,x) = J f {x,WdC,x,y)) dp‘'^\^,x,y) 

= JJ f (i,n®® (?,i,^^|.o.,,(.))(5))) dttdx))ii) di^’^-H^,x) 

= II f (d^d^qdx)) dttdx))ix)dv^^d^,x). 


□ 
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The next proposition can be interpreted as the tower rule, regarding the family {/i^ : ^ S [0,1]} 
as a conditional distribution w.r.t. the partition into the stable hyperplanes, i.e. {{^} x [0,1] x M : 
[ 0 , 1 ]}. 


Proposition 3.8. We have 

foriy~-a.a. 

In particular, we have for -a.a. (^,x) that 


lim 

r —>-0 




= V 


ext 

(?.<?« (a:)) 




holds for all uji,..., ujn S {0,..., t — 1} and N gN. 


( 22 ) 


Proof. Let := f (x))'^AA) ^ ^ P)l]- In view of the uniqueness of the conditional 

distribution, for the first part of the claim it suffices to show that the family ^ S [0,1]} is 

a conditional distribution of with respect to the vertical partition rj := {{^} x [0,1] : ^ G [0,1]} 
as {(ij (Si A : ^ G [0,1]} is. This is true since by (ITKI) and Proposition 13.61 we have 


6^ (g) X B) lcx[o.i](C,a:) dz/®’'* (C, x) 


JJ S^iAnC) ■ {0 

/ ® nC)x{Bx R)) x) 

Ai®’^*((>lnC) x{Bx K)) 

xB)niCx [0,1])) 


for all A,B,C G -B([0,1]), where Icxfo.i] denotes the indicator function of C x [0,1]. Indeed, we 
have cr({y4 xB:A,Bg B{[0, 1])}) = -B’([0, 1]^) and a({C x [0,1] : C G i3([0,1])}) = a(ry). 

In order to prove the remaining part, let wi,..., ujn G {0, ...,£— 1} and G N. Observe that 
for z/“-a.a. ^ we have that 

h't i^lrd) n Riui,,...,uir,)) = J AA) i^lrd) ^ d O q-^'^ (5) 

= AAa d (v+ o q-i) (S) 

holds for all 0 G R and r > 0. Thus, for any such ^ G [0,1], the convergence of (l2^ holds for 
t'^-a.a. X by Lemma [2. 121 In view of (TTKI) the convergence holds thus for z/®’^*-a.a. (^,x). □ 


Proposition 3.9. ITe have 


for -a.a. {f,x). 




e [cAiCl] 


Proof. From (nzi), (HU) and (|22|) together with Proposition 12.71 we have for z^®’'*-a.a. (^,x) that 

ih UJ\ ,...,UJN ))G[cA,cl]-A!:qdx)) ih UJ\ } 

holds for all I{uji,...,ujn) G Sr. Thus the claim follows by Lemma [2Tj □ 


Proposition 3.10. We have 

^goB-i( 5 ,x) (A(T(a;))) 
for all N G N and u^^^-a.a. {^,x). 


AiL) (A+i(x)) 

AtL) AdA) 
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Proof. Let r]{^,x,y) := ((H)®'’) x, j/)) and rj := {r]{^,x,y) : {^,x,y) e [0,1]^ x K}. Fur¬ 

ther, let 

Fy{£.,x,y) := F {y{F~^{^,x,y))) = 7?(^, x, i/) n ([0,1] x Rk{x)) 
and Ff] := {Ff]{^,x,y) : {^,x) G [0,1]^ x M}. We define 

,Fv (A\ _ 

for (^, z) G [0,1] X R and A G S([0,1] x R). By virtue of the F-invariance of it is straightforward 
to verify that both 

' (C,x.y)g[0.1]2xR f^n^^oF-^iCx.y)) ° F ) ({,a;,y)e[0,l]2xR 

are conditional probability distributions of /i®^* with respect to Fr/. 

Thus due to their uniqueness we have for ^®’'*-a.a. (^, x) that 

“ ('^Pfe(x)(C) ® ([Oj 1] ^ 

holds for all ujq, ..., ujn G {0, ...,£— 1} and TV £ N. Inserting (wq, ■ ■ ■, ^tv) = [a^Jw-i-i finishes the 
proof. □ 

Proposition 3.11. we have 

for v^^^-a.a. (^,x). 

Proof The second equality follows from Prooosition ld.lOl due to Birkhoff ergodic theorem, whereas 
the first one can be derived by Proposition [2111 □ 

In view of Proposition 13.111 it is natural to define the conditional entropy with respect to the 
the strong stable fibres as 


h^; :=-J ihix)) 


(23) 


3.3. Dimension and entropy formula. We shall state and prove several formulas. 

The following proposition is a version of the maximal inequality. Note that this does not follow 
from the classical Besicovitch covering theorem directly since the distance from (x) to the centre 
of Hr{^,x) depends not only on ^ but also on x. 


Proposition 3.12. There is a Ch > 0 such that 
i/ < a: G [0,1] : sup ■ ^ ^ 


{Hri^,x)) JHrii.x) 


gd(^izoq^^^ 


>X> ^ 


Ch 


gd(^voq^^^ 


holds for all ^ G [0,1], g G and A > 0, where F[r{£,,x) := ttI'* (Er(f,x)). 

Proof Let ^ G [0,1], g G F\oq-^ A > 0 be fixed. We consider 


F X G [0,1] : sup- — 

y r>0 voq^ (H, 


-—^-— [ odfi/og, ^')>A>, and 

Fz ■■= < (x,r) G qf^<yz) x (0,oo) : -/ gdivoqfA > A \ 

\ Foq^ {Hr{^,x)) JhaAx) ^ ■' J 
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for z S R. As J'z 0 for each z € 9 ^(A), by the axiom of choice we can parametrise z i-A {xz,rz) so 
that (XzjTz) £ Tz- Let H{z) := Hr^{^,Xz)- Since we have (z) C H{z) C Bc^rA^) ^ach 

z £ by Proposition 12.41 {H{z))z^q^{E) is a cover of qAE), which satisfies the assumptions 

(a) and (b) of Lemma [!i. Ill with M := Cl- Thus by that lemma there is a subcover {H{zi))i^j 
with J C N satisfying (l)-(3) of the lemma. Since qAE) C (J ■gjiJ(zi) by (1), we have by (3) 


y{E) 



i&J 






A,M 

X 



□ 


Proposition 3.13. For any ^ £ [0,1] and A G B ([0,1] x R) we have that 


n A) n{Bf (qA^)) 

lim- _ —TT— = lim- 7 -r— 

^i{EAAx)) r^O ^(^BfAqA^))) 

holds for V- a. a. x. 

Proof. Let ^ and A be hxed. Then there exists the Radon-Nikodym derivative 

rf(M((^r)-'(-)nA)) 


PA ■■ = 




Note that p o (7r|®) ^ = v o . Since 
p{BIt (g^(a;)) n A) 


lim-^ 

p(BlAqA^))) 


= lim 


^Ovoq^ ^(BAqA^))) J BAgdx)) 
= PAOq^ix) 


PAd{vo q^ 


for j/-a.a. x by Lemma [2. 121 it suffices to show that the left hand side of the claim also converges 
to pAoq^. In order to prove this we need another density theorem. Let g £ . We claim that 


lim 


r^Ovoq^ {HAi,x)) Jha^.x) 


gdi^voq^^'^ 


= go q^ 


holds for i^-a.a. x, where Hr{A x) ■= 7r|® (Sr(C, x)). The proof follows then by taking g = pA- The 
following argument mimics the proof of m Lemma 4.1.2]. Since the claim is clearly true for any 
continuous g, it suffices to show that the set of the functions g which satisfy the above equality 
is norm closed in _i. Recall that for an arbitrary q G there are continuous functions 

{gk)k such that gk ^ g hr L^. Furthermore, we have then 


lim sup 
--^0 


1 


^ sup 


lyoq^ {HriA x)) JHr{^,x) 

1 /■ 


r'>0 voq^ AHriAx)) JHriiA 

1 


gd{yoq^^'^ - g{q^(x)) 
\g - gkld^Eoq-^'^ 


+ lim sup 
-->-0 


voq^ (HriAx)) JHriGx) 


gkd[voq^ - gk{qAx)) 


\gk{qAx)) -g[qAx))\ 


= sup ■ 


1 


r'>0 voq^ (HriA x)) JHrii.x) 


\g - gk\d(Eoq^ - giqAx))\■ 
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Thus it follows that 


u < X G [0,1] : limsup 

r-^0 


gd(iyoq^^'^ - g(q^{x)) 


> 2A 


lyoq^ ^{Hri^,x)) JHr(i,x) 

f Is - 9k\ divo g-i] > A i + u o {\gk - g| > A} 


^ u < sup-^ 

I r->0 u o 

^ ^IIS-SfcllL^ + ^IISfc-SllLi "^0 

for each A > 0 by Proposition 13.121 and Markov’s inequality. Thus the claim is proved. 
We introduce the quantity 

diviA^^x) ■= 

for M G N, r > 0 and (^, x) G [0,1]^. 


g{ Y,r{^,x) ni?M(x)) 

/i(s^(^,x)) 


Proposition 3.14. Let ^ G [0, 1] and M G N. Then we have 

Im dM.r(C,x) = U(5 _,^(^))(/m(x)) 

for v-a.a. x G [0,1]. 

Proof. From (HZl) and (El) together with Proposition 13.13l we have for u-a.a. x that 

s(Sr-(C,x) 


lim 

1 —>-0 




AA{^,x)) 

for all wi,... ,u!m G {0, Now, inserting (wi,... ,ujm) = [x]m finishes the proof. 


Proposition 3.15. ITe have 


/ sup |logdM.r(^,x)| < 00 

J r->0 


□ 


□ 


for each M G N. 

Proof. It suffices to prove {(?> A ^ P; 1]^ • infr>o dM,r{^, x) < e“"} < oo. Observe that 

u®’'* I (^,x) G [0,1]^ : inf dM,r{^,x) < e“” 

r>0 

LJi ,... ,UJjVf £ {0,... ,^—1} \ 


inf 

r>0 


g.{T.r{Lx)) 


< e 


Let (wi,..., ujm) and n be fixed. Further, let ^ G [0,1] be any of those for which the first assertion 
of Proposition 12 . 71 is true. Then we consider 


E := 


X G Ii 




■ r>0 /r(Sr(^,x)) 


< e 


and 


Py := I (x, r) G q^ ^{y) O ^ (0> ■ 

Now, exactly the same argument as in the proof of Proposition 13.121 where we also named the 
corresponding objects E and Pz^ yields a cover {H{zi))i^j of q^{E) with J C N satisfying the 
same properties. By the construction we have H{zi) = 7r|'’(Sri (^, x^)) if we define Xi := Xzi and 


g{Y.r{f.,x)r\A^^ 

M(Sr(?,x)) 


< e 
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ri ■= Tzi by using the parametrisation there. Recall that {xi,ri) G J'j.. Since this cover satisfies 
in particular the multiplicity condition (3) of Lemma 12.111 with the constant have 


!/+(£;) < 


< 


i&J 

^4> ^ ^ (C) Xi) C\ R{cji,...,ujm)'} 

iGJ 


ieJ 




As this is true for all (wi,..., ujm) S {0,..., £ — 1}*^ and n G N, and for v -a.a. by (fTKI) we 
obtain 


X! ^ [O’ 1]^ : < e "I 

rt=l L ’’ J 

^ r ( '1 £ 2 e 

J2 ■ inf rfr(^,a;) < e“" I dv-{Ci < 

weto.f-nn=i“' L ’’ J 


CJi,...,Ci^JVfG{0,...,^— 1} ^— 1 


e — 1 


□ 


Proposition 3.16. FFe have 


N-l 


IC \\ _ (S' (T3-MN(c \\\ TT (^A"('^-'‘)(t“''(3:))(^ (^’2:))) 

(I — fJ' . fTj_M(k+i)(c 

fc=0 M (SAM(«--f=-l)(^M(fc+l)(^))(B ^d^+^>{^,x))) 


A-1 


iy{lM{r^'^ix))) 


fe=o ®m,a“("-'=)(t“‘’(x))(,^ 

/or all (^, a:) G [0,1]^ and M, A^ G N. 

Proof. The fist line is only a rewriting. For the second line, observe that we have 
{u G [0,1] : {v,W{v)) G ni?M (r^'^ix))} 

= {u G /M(r^n^)) : - lF(r^'=(x))| ^ A^(^-'=)(r^'=(x))} 

= {v G lM{r^\x)) : (x))| 

XMiN-k){rMk^x))' 


€ 


X^{TMk(^x)) 


G Im{t^\x)) : 




(TJ^(fc+l)(^))_pf/(^M(fc+l)(^)) 


= / 


Xt{T^'"{x)) r\T~^ In G [0,1] : {v,W{v)) G E;^M(iv-fc-i)(^M(fc+i)(,j,))(B"^(''+^i(^,a;))| 
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for /c = 0,— 1 since [v]m = Thus by Proposition 12.61 we have 

for fc = 0,..., TV — 1. The claim follows by inserting these into the first line. 
Proposition 3.17. Let M G N. Then we have 
1^-1 ^ 

_r» 'J 


□ 


fe =0 


for v^^^-a.a. {£,,x). 

Proof. Let gM{^,x) := log (/M(a;)). By Birkhoff ergodic theorem we have 


JV-l 

lim = / gMdv^ 

N^ca IS ^—' / 

k=0 •' 


for u®’'*-a.a. (f,x). Furthermore, again by Birkhoff ergodic theorem we have 


lim sup 

N—^OO 


N-1 


N-1 




fc=0 

N-1 


fe=0 


^ hmsup^ E 


N —¥oo 


N-1 


< limsup^ V *^'=(^,x)) = [ Dndiy^ 


for j^ext-a a. (^, x), where D_r(^, x) := sup,.g(Q^^) |log(iM.r{^,x) — (/m(^,x)|. Letting i?0 finishes 
the proof since the last integral goes to zero by Propositions 13.141 and 13.151 due to the dominated 
convergence theorem. □ 

Proposition 3.18. IFe have 

logg{Y,r{^,x)) /logU(^,gj(^))(/M(x))dz/®’'*(^,x) - / log u(/m(x)) du(x) 


lim sup 

r—>^0 

g: 


logr 

3 log 


—M /logAdu 


—M JlogXdu 
for v^^^-a.a. (^,x). 

Proof. Similarly to Proposition 12.91 one can show 


lim sup 

r—)-0 


\ogg{Y,ri^,x)) 


logr 


— a 


= lim sup 

N—^OO 


log/r(E;,MiV(,^)(^,x)) 


logA^^(x) 


— a 


for any (^, x) G [0,1]^ and a G M. Furthermore, we have log /i(Si) G Lj'^ext since mf(j_a;) ^‘(Ei (C, x)) > 
0 by Proposition 12.31 and the Gibbs property. Thus the claim follows from Proposition 13. 161 since 
we have 


lim 
N —^00 


S 1 llfc=0 (-B "'“(c.a:)) 


log A^'^(x) 

_ /log^(;,g;(x))(^M(x))du®^*(C,x) - /logu(/M(x))du(x) 
—M /logAdu 

by Proposition 13.171 and Birkhoff ergodic theorem. 

Recall that and h®® are defined in (|8]) and (l23ll . respectively. 


□ 
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Lemma 3.19. We have 


\ogn{Bf {q^{x))) logAi(E^(^,a:)) 

lim-- = lim- — - — 


1 —>-0 


log r r-^d log r — f log A diy 

for v^^^-a.a. (^,x). 

In particular, v o q~^ is exact dimensional for i'~-a.a. ^ with 

Proof. The second equality in the first claim follows from Proposition 13.181 by letting M —)> oo 
since we have 

e [logC'^®,logC'^] + j \ogV(^^^q^i^^)){lM{x))dv’'^\f,,x) 

by ProDOsitions l3.9l and l3.10l On the other hand, the first equality is true in view of x) C 

Bfriq^ix)) C Ec„r(^,a^), where Cg > 0 denotes the constant of Proposition [531 

Now, we prove the remaining claim on the dimension. Let 72 := —{hi, — hjf)/ flogXdv. As 
l^iBf^riy)) =^° q^^{Br{y)), we have by (HI]) 


f + -if « r ^ogiyo q^^{Br{y)) \ 

—toil—=■'"/ 


= 72 (^) 


ext/.. ^ rn 112 r {BM^x))) 1 


Thus by Proposition 12.71 we can conclude 


-if m ,• , 

^ o 2/ G : liin-iT- = 72 ^ = 1 


logr 


for V -a.a. 

Lemma 3.20. ITe have 


□ 


^Ogt^{x,gii{x)){Br{x)) ^ hff 

r-io log r f log r' diy 


for v’^^^-a.a. {£,,x). 

In particular, i^(a:,g 5 (a;)) exact dimensional for -a.a. {f,,x) with 

dim.H{v{x,q^{x))) = d\TaH{y'{x,q^{x))) = Ylogp~diy' 

Proof. By Propositions 12.21 and 13.111 we have 


lim 


log l'(x,qiix}){lNix)) 


N^cx log|/iv(a;)| /logr'di^ 

for (^,x). Therefore, for the first claim it suffices to show that 


(x)) 


(x) = 


log ^(^X,q^{x)) (-^a{x)) 


log I/a (x) I 

holds for i/^^^-a.a. (^,x). Let t G (0,1) be arbitrary. By Proposition 12.81 for i^-a.a. x there is a Nx 
such that 

^\lNix)\t^ ^ ^n{^) ^ -^|/iV (^) I (^) 
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holds for all N ^ N^- From this follows for such x and any ^ S [0,1] 




(x) = lim sup 


log l^(^x,q^{x)){^\lN{x) \ (^)) 


N—>oo log I/tv (x) I 

log (-^A/'(^)) 


^ lim 
N —^OO 


^ lim inf 
N—^OO 


log I/a (t) I 

log U(x,(jj(a:)) (-B| 7 w(a;)|t^ (^)) 
log(|/Ar(a:)|t^) 
logt 


1 + 


logt 


logmin* |/j 


= d (x) (1 + 

^ ^ logmin, |/,| 

by virtue of Proposition as limAr_>oo = IhuAr^oo ^ = 1- Letting 

t ^ 1 finishes this proof. 

Next, we consider the dimension of V(x,qi{x))- Let 71 := h'lf / f logr'du. By Lemma 13.71 we have 

log'^(j.g5(x))(-Br(i)) 


[O’l] • 1 ™,- 


logr 


= jA d,y^^^(^,x) 


= (C,x)e[0,l]2:lim 

1—^0 


^OSl'((,qiix))(Br(x)) 

logr 


= 7i 


= 1 . 


Thus by Proposition 13.91 we can conclude 


«(=.)) <{ ^ e [0,1] : li_m-- = 70 = 1 


for (^,x). 

Finally, the pointwise dimension of fJ.(x,q^(x)) at (^)^(| x w(x))('^')') coincides with that of iy(x,q^{x)} 
at V for all v G [0,1] and (^, x) G [0,1]^ since the strong stable fibres are bi-Lipschitz continuous. □ 


The next lemma describes the product structure of /i from the dimension theoretic point of 
view. Its proof mimics that of [H Proposition 3.7] partially. 

Lemma 3.21. /i is exact dimensional with 

dimniti) = dimHiiJ.(^,q^(x))) + dimi/(i/ o 

for v^^^-a.a. (^,x). 

Proof. Let P := exp(j’log A du), 71 := /i^®/Jlogr'du and 72 := —(d+ — d®®)/ JlogXdu. Further, 
let Co := IIX 3 II 00 + 1 so that 

Br{x,W{x)) C {(v, y) G Ecor(C,a;) : jx - u| < r} (24) 

holds for all x G [0,1] and r > 0. We shall prove that the lower and upper pointwise dimension 
are almost surely bounded by 71 + 72 from below and above, respectively. 

For the lower bound, let e > 0 be arbitrary. For iVo G N let Qnq denote the set of those 
(^,x) G [0,1]^ which satisfy 

^(x,qf(x))(^ 2 / 3 ^(x)) G and (25) 

K^CopHi,x)) G [/3^C2+e)^;3^(7.-e)] (26) 

for all N ^ No- Then we have limAr^.oo / {{Gn)^) dv~ = limAr_j.oo = 1 by (HI]), 

Lemmas 13.191 and 13.201 where {Gn)^ ■= {x G [0,1] : (^,ai) G Gn}- By the monotone convergence 
theorem and Proposition 12.71 we have thus limAr_>oo i^UGn)^) = 1 for u“-a.a. 

Let such a ^ G [0,1] be fixed. Then we choose a TVq G N so large that ’^{{Gno)^) ^ 1 — e. By 
Lemma [2.121 and Egorov’s theorem there are ^ Nq and G' f= (Gno)^ with ^{G') > 1 — 2e such 
that 

h {Bi 3 n{x,W{x)) n {Gno)^ X R) > i /7 {Bi 3 n{x,W{x))) (27) 

holds for all x £ G' and N Ni. 
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We claim that 

{BpN{x,W{x)) n X K) < (28) 

holds for all z G R, x S Q' and N Ni. If {Bi^n(x, W{x)) fl {Qnq)^ x M) = 0, the claim is 

trivial. Thus we assume that there is a (x,£^^ ^ ^ BpN{x, W{x)) fl {Qno)^ x R. In this case, 

{BpN{x,W{x)) n {QNo)i X R) ^ i/(5_,,)(B2/3'v(i)) = :/(5,,^(£))(B2/3«(i))) ^ by (HI]). 

Now, from (1^ . (E51) . (1^ and (1^ together with Lemma 151^ follows 


ljL{BpN{x,W{x))) < 2/r IT(a:)) n (C/jVo)? X R) 


< 


2 / IT(a::)) n (^jvo)? X R) (i(z/og^ ^)(z) 


2yjAr(7i+72-26) 


for all X G G' and N ^ Ni. Therefore by Proposition 12.91 we have 


\ogfi{Br{x,Wix))) 
r-^O log r 


^ 71 + 72 - 2e 


for X G G'. As vi^G') > 1 — 2e and e > 0 was arbitrary, the lower estimate is proved v-a..s.. 

Now, we prove the upper bound. Again, let £ > 0 be arbitrary. For {^,x) G [0,1]^ and A^2 G N 
let denote the set of those v G [0,1] which satisfy 


W{v) 

= 


(29) 

X^iv) 

G 

[pNG+e)^pN{l-e)^^ 

(30) 

l'{x,qi{x)){BpN{v)) 

G 

((jA(7i+e)^ ^A(7i-e)j^ 

(31) 

v{In(v)) 

G 


(32) 

^{Lqd=^))^^N{v)) 

G 


(33) 

\In{v)\ 

G 

[0,/3^] 

(34) 


for all N ^ N2. Then we have limAr_>oo / ’^(i,q((x))(J'(^^x),N) dv(^, cc) = 1 by Lemmain view of 
(HU), Birkhoff ergodic theorem. Lemma [3.201 (jH]), Proposition 13.111 Proposition 12.21 and the fact 
that exp(— f logr' di/) < /3. By the monotone convergence theorem and Proposition 13.91 we have 
therefore lim^v-i-oo !^(^,gj(x))(-^({.x).A) = 1 for i/^’^foa.a. (^,x). 

Let such a (^,x) be fixed and let N 2 be so large that *^(^.qj(rc))(-A({,2,),Af2) > 1 — £■ By Lemma 
12.121 and Egorov’s theorem, there are N 3 > N 2 and T' C J^((^x),N 2 i^{(,q^(x)){^') > 1 — 2e 

such that 

{Bf3r^{v)r\J^ii,x),N2) ^ (35) 

holds for all v G B' and N ^ N 3 . Let a IV > IV3 be fixed. Then we choose so that 

lN{ui) ^ lN{uj) for i ^ j and that Ui G J^{^,x),N 2 whenever lN{ui) <^^{^,x),N 2 ^ 0- By (ISTl) . (I55|) 
and (P1) we obtain 

^Ar(7i+e) ^ (B^n(i;)) ^ 2i/(j_gj(,z)) (^/3'v(u) n J'(5_3,)_7V2) 

< ’^{i,q(ix)){lN{ui)) < ttA.;, • (36) 

i&A„ 


for all V G J-', where Ay := {i : iN^Ui) D B^niv) D J-(^^^x),N 2 ^ denotes the cardinality 

of Ay. On the other hand, by Proposition l2.3l and (IHHll we have 


{(■u;, lT('u;)) : w G /^(Mi)} C /jv(ni) x Bc^x^{ui)iWiui)) C iN^m) x (IT(ui)) 

Furthermore, |lT(n) - lF('Ui)| = £ll^^w{x))i'^) “ ^llx,w{x))M ^ C'o/?^ holds for all v G T' and 
J G A.;, by (1^ since \v — Ui\ ^ by the definition of Ay. Thus we have 


{(w,lT(w)) : w G lN{ui)} C B^pN^i.e){v,W{v)) 


( 37 ) 
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for all V € JF' and i G Ay, where C := 1 + Cm + Co- Now, from (1321), dSi and dSZl) follows 

VF(z;))) ^ u (/ n ( w .)) ^ ^ /3^(7i+e) . ^-Nihy-h-+2e) 

i^A„ 

for all V GjF' . 

As the above consequence is true for all v G F' and N ^ N^, hy Proposition 12.91 we have 

logn{Br{v,W{v))) logM(-B(5^,v(i-.)(i;,fP(t'))) 

lim sup-^- = lim sup- 

r->0 log r N^oo 


^ 7i + £ + 


log/3^(i-s) 
Kf-K-2£\ 1 


-log/3 


1 — e 


for all V G T'. As V{^,qi:{x))[F') ^ 1 — 2e and e > 0 was arbitrary, letting e —^ 0 yields in view of 
Lemma 13.191 that 

,, \ 0 g^l{Br{v,W{v))) ^ 

hm sup-^- s% 7 i + 72 

log r 

holds for q^( 2 ,))-a.a. v. Finally, since this is true for u^’^^-a.a. (f,x), by Lemma [3.41 we can 
conclude 

f rr. n 1 - log/r (i?r(x, lF(x))) 

u X e 0,1 : hmsup-^- - ^ 71+72 

log r 

\og^l{Br{v,W{v))) 


J ^(€,«(^)) G [ 0 , 1 ] : lim sup 


logr 


< 7i + 72 ^ diy{x) = 1 . 


Proof of Theorem [II This follows from Lemmas 13.19113.201 and 13.211 


□ 

□ 


4. LEDRAPPIER’S LEMMA 

In this section, let u G P([0,1]) be an invariant measure, that is not necessarily a Gibbs measure. 
Instead we suppose the dimension theoretic product structure of ^ which is always satisfied in case 
of Gibbs measures as Lemma [3.211 together with Proposition 12.71 shows. More precisely, suppose 
that ^{^,q^(x)) and v o are for i>~ ® u-a.a. (^,x) exact dimensional with constant dimensions, 
say, 

7 i := dimff(u(^_q^( 2 ,))) and 72 := dimi/(u o g“^), (38) 

and that /r is also exact dimensional with 

dimff(^) = 71 -I- 72 . (39) 

Recall that 0 : [0,1]^ —^ R is defined in[TT] Now the lemma says the following. 

Lemma 4.1 (Ledrappier’s Lemma). Under the above assumption we have 

j dim_ff (u o q~^) = 1 if dimff(p.) > 1 
[dimif(u( 5 ^,^(,j,))) = 0 if dimff(fi) < 1 ’ 

whenever the distribution of Q{ -, x) under v~ has Hausdorff dimension 1 for v-a.e. x G [0,1]. 

4.1. Outline of the proof of Lemma 14.11 As the procedure of the proof is a bit tricky, we 

sketch our approach fist. We use the following convention. 

• Let Br{x,y) := Br{{x,y)). 

• Let II • II denote the euclidean norm of R^. 

• Let := {x G [0,1] : (^, x) G A} for ^ G [0,1] and A C [0,1]^. 

• Let Fx G P(R) denote the distribution of 0( •, x) under z/“. 

• Let a G (0,1) be the minimum of the Holder exponents of g', A' and logy. 

• Let a := min{l, 7 i + 72 }- 
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Let l-lc and Hpw.a denote the a-H61der and the peacewise a-H61der seminorm, respectively, 
i.e. for : [ 0 , 1 ] —>■ R let 

\ip{x) 


W{x)-ip{x)\ 

'■= sup —^- and 

a:,5e(0,l) 


\x — xy 


' pw Q := max sup 


\x — a; r 


Suppose that we have dimij(P 2 ,) = 1 for i/-a.e. x G [0,1]. 

Let S G (0, 7 i + 72 ) and t G (j^, 1) be fixed. In view of (IMl) and the above assumption on ! 
together with Fubini’s theorem, we can choose an i? > 0 so large that the set 


G:= (C,x)G[0,l]^: 


2 . iTx {Brj (0(^,a:))) ^Erj^ ^nd 


n{Br,{x,W{x))) ^ Eij 


1-25 

i7l+72 —a5 ^ b 


has a positive 0 measure. Then we consider 

b{^,x,r,t) := xRd'Eri^Tx) (1 Brt{x,W{x))) 

= ’^[veG^: £ll^ ■^v^^)){x)-W{x) < r and ||(n,IF(w)) - (a;,IF(x))|K r*|. 

In the following subsections, as (HHl) and (P|) . we shall prove that 

a(l — 26) + t( 7 i + 72 — a) ^ limsup ^ _|_ ^^ + 3(5 (40) 

loga- 

holds on some set of (^, x) with positive v~ ® v measure. 

Once this has been proved, we are able to conclude the proof as follows. 

Proof of Lemma EH Assume first that 71 + 72 ^ I. Then the inequality (HOI) implies 

1 + t(7i + 72 - 1) ^ til + 72 

for a t G (j:^, 1) since 6 G (0 ,71 + 72 ) was arbitrary. This can be rewritten as 1 — 72 t(I — 72 ). 

The last expression is only possible in case 72 = I since 72 = diuiHifJ- o G [0,1]. 

Now, assume that 71 + 72 < I. In this case the inequality pnj) implies 


7i + 72 < ^71 + 72 , 

for a t G (j:^, 1), or equivalently, 71 ^ tji. Thus 71 = 0. 

4.2. Lower estimate. The goal of this subsection is to prove the lower estimate of (go]). 
Let X G [0,1]. By Fubini’s theorem we have 


□ 


'{«e[0.1]:(4,a;)eG} 


b{f,,x,r,t)di' (^) 


|C G [0,1] : i;,ai G and £lly,w(v))i^) - ^r'^diy{v). 


J{(v,W(v))eB^t {x,W(x))} 

Let : [0,1] —>■ R be the linear function through (x, y) with slope 0, i.e. 

Llx,y)(.u) ■-0iv-x) + y. 

We show now several properties of this projection function. 

Proposition 4.2. Let F > 0. Then there is a Gy > 0 such that 


rX3(i,x,y) , 


^ Cy\x — V 


1+a 


Tx,y) 

for all (^, cc) G [0,1]^, v G [0,1] and y G [—Y^Y], 

Proof Since and (^£(lx,y)) H = ^3 (^’^’■^(i,x,y)(^)) > it suffices to 


show 


sup 

(^,x,j/)g[0,1]2xR 


v^X: 


3 


< 00 . 
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Recall that by (HOD we have 

xJcvJ: 




(41) 


oo oo 

= - ■ ^574 " II (Ptiu(^)) ■ a' (P[«]„(^)) • 

n—1 n—1 

First, we consider the latter sum in the above expression. Since there is a Ci > 0 such that 

n 

log 7” (p[j]„ (u)) - log (p[ 4 ]„ (0)) = ^ log 7 (p[ 5 ]. (v)) - log 7 (p[ 5 ]. (v)) 

1=1 

n 

^ |log7lpw,aXl - ^K]i(^)r 
1=1 

^ Ciiu-ur 


holds for all G [0,1] and n G N, we have 

7”(PK]nW)-7”(PK]n(^)) = 7”(P[f]„W) fl- 


7" (PK]„(^)) 


7” (P(«]n(^')) / 

g|log7"'(p[«]n(t'))-log7"'(pK]„(l’))| _ I 


^ 7” (PK]„(i^)) (e 

^ C2\h\\l.\v-ir (42) 

for C 2 '■= ^ where we used the inequality — 1 ^ (e^ — l)M~^x for 0 ^ a; ^ M. 

Further, from 

7” {Pliui^’)) 9' (PK]„(i^)) -7” (PK]„(ii)) 9' (P[?]„(i5)) 

^ 7''(pk]„(w)) ( 5 '(P[e]„(i^)) - 5 '(P[?]n(i^))) + ( 7 ” (P[e]„(i^)) -7”(PK]„(i')))5'(PK]„(i5)) 

^ (l5'lpw.c + C2)||7||^|u-ur 
follows 

Id |pw,a H“ C 2 


^ ^ H 7 " (PK]„ (^)) • 9 ' {PliU (^)) 


< 


1 - 


Now, we estimate the first sum of (HD) . Observe that by © we can reformulate it as 

OO 

Z 7” («,(»)) ■ 7”7‘, («S,.,,)(»)) ■ A' Ge,,(..)) 

n—1 

00 

= ^(I..,o(")E7”(p[«]„(-)) A'(pk]„(i^)) 

n—1 

00 

+ E 7 ” {Pli]M) ^n-l (P[5]„_,(x)) A' (Plijjv)) . 


n—1 


Clearly, 


(7%.,))'('') 


and since ||W„_] 


^ ll-^slloo holds for all v G [0,1] and {^,x,y) G [0,1]^ x R. Thus, by 

x: 7 IIA- 7 I 00 and |A'|pw,a are uniformly bounded with respect to n, we 
can obtain a bounded of the a-H61der seminorm of the above expression by applying the triangle 
inequality several times. □ 

The next simple geometrical result originates in a work of Marstrand m- 

Proposition 4.3. For M > 0 there is a Dm > 0 such that 

Dmx 


diamjd G [-M,M] : Ll^ y^{x')-y' ^ r| 
for all {x, y), (x', y') G [0,1] x R and r > 0. 


€ 


||(x,j/) - (x',y') 
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Proof. The proof is elementary. 

We continue the proof of the lower estimate. Observe that we have 


□ 






^e(«, 

"0 


^ C\\w\\^\v - + r 

^ q|u.|u||(n,W(u))-(a;,W(a;))||'+“+r 

^ (C||iv||oo + 1)’’ 

by Proposition 14.21 whenever both {v,W{x)) G B^t {x,W{x)) and vY(t;))(*) ~ W{x) 
satisfied. Thus we have 

|C G [0,1] :-(^,2: G Gj and (v))i.x) - W{x) < r| 


^ r are 


C 


{c e [0,1] : U,a; G G^ and - lT(a;) ^ (G|ny||^ + 1) r} 


c Ue[o,i]: 


P„ {Br, (0(C) v))) ^ Er]^ for Vr; > 0, and 

^tvmv))(^) -w{x) if {C\\w\\^ +1)r 


for r > 0 and v,x € [0,1] such that (v,W{v)) G Bj.t{x,W{x)). Recall that a := {1,71+72} G [0,1]. 
For those r,v,x we have therefore 

|C e [0,1] :'y,a: G Gj and ^({%,w(„))(2;) - l^(a:) if 

{Bn (0(C,n))) ^ Eri^~'^^ for Wr] > 0 and } 


< u e [0,1] : 


rOi^v) 
"0 


,w(+)(^) -W{x) if (G||iy||^ + l)r 


I P„ {Bn{9)) ^ Er]^ for V77 > 0 and 

Pdocl-lieiuiieu: 






'^l|eiu(^l|w^lU + 1) ^ 

|(i;, W(?;)) - {x,W{x)] 


Qra(l-2S) 


■■ ||(n,W(i;))-(x,W(a:))r('-''^ 


by Proposition 14.31 Now, there is a > 0 such that for all r > 0 and (C, x) G G we have 
[ b{^,x,r,t)dv~{£,) 

2{?G[0.1]:(C,x)gG} 


^ Q^a(i-25) f _ dfi{v,y) _ 

JB^tix.wix)) IKn,!/) - (x, VF(x))||“^^“^'^^ 




dn{v,y) 


> L-t log rj O.M^(^))\Be-n-i (^.W+)) II (n, J/) - (x, VF(x)) II 


a(l-2(5) 


< Qr+1-25) ^ 


[—t log rj 


d{Be—- ix,Wix))) 

g(—n—l)a(l —2(5) 


Qj.a(l-25) ^ 


£;(g-n)7l+72 


-a5 


[—t log rJ 
< Q'j,“(l-25)+t(7i+72-a+ai5) 
^ Q'g“(l-2i5)+t(7i+72-a) 

As the integration by v yields 


g(—n—l)a(l —25) 


[ 6(C,X,r,t)d(l/-(g)J/)(C,x) ^ QV“(l-2'5)+d7l+72-a)^ 

Jg 
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we can derive by Fatou lemma 

[ liminf — , ^ d{u~ ^ iy){^,x) ^ Q', 

r^O ^a(l-2(5)+t(7i+72-a) ^ /vs? y 5 

which in turn implies 

/I ^ / r ^ogb{^,x,r,t) 

all — 2d) + t(7i + 72 — a) ^ hmsup-^- 

r^o logr 

for u“ (g) u-a.a. (^, a:) G G. 

4.3. Upper estimate. The goal of this subsection is to prove the upper estimate of (I40F 
We can chose £i > 0 so that both 

G' - i (f x) gG ■ ^ (^’ ^(^)) n Gj X R) > r'^i+72+5 and e fn eG 


(43) 


and 


G" (e,cr) G G': 


, . 7€.a,G)) n GJ n (W - ^^|,.,^(,)))-1(0)) ^ 

for Vr G (0, ) 


have positive v ® v measures in view of 
by (finil we have 


and Lemma r2. 121 together with the fact that 


= 1 = 1 . 


u 0 u{(C,a::) e [0,1]^ : ^(0)) = l} 

Let {i,x) G G" and r G (0,ei) be fixed. 

By Vitali covering theorem there are G N and xi,... ,XNr S G^ fl B(^r/ 2 )*{x) H {W — 
^(J%,iu(x)))"n0) such that 

Nr 

G' n B(./ 2 )*(t) n (w - ^^|,,,,^(,)))-'(0) c (J B,{xi) 

with B^/^^Xi ),..., Br/sixN^) being disjoint. As we have V(xmG)) = '^Gi^qaGi)) for i = 1 ,..., W, 
taking the measure V(x,qj;{x)) of both sides of the above inclusion yields 


( 2 I 


. 11 — s 


i.e. 

Nr > (44) 

On the other hand, by Proposition [23] there are c G (0,1/3) and £2 G (0,1) depending on t and 
II/V3II00, such that Bcr (u,£f^,r^w{x))i'^)) - ^rilx) O Brt{x,W{x)) holds for all r G (0,62) and 
u G B{x, (r/2)‘). In particular, we have 


Bcr{xi,W{xi)) C T;r{^,x) n Brt{x,W{x)) 


(45) 


for r G (0, £2) and 7 = 1,..., W- As the balls Bcr (a^i, IF(xi)),..., Bcr (xNr^ W{xNr)) are disjoint, 
from (l4^ and (|45ll follows 

b{lx,r,t) = ^ (G^ X Rn I]r.(^,x) n i/rt(a:, lF(g:))) 


'Nr 




ljBcr-(a7,lF(g:i))nG^ x 


> ^7i+72+52“*('>'i+‘^)7-(*“1)ti+7i+72+3i5 

. _ Q>'/ ^*71 +72+35 
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Consequently, we have 


for all (C,x) G G". 


\ogb{^,x,r,t) 

lim sup- 5 ^ ryi + 72 + 00 . 

logr 


( 46 ) 


5. Hausdorff dimension of 0(-,x) 

The assumption of Theorems [5] and |3] that the distribution of 0(-,x) under iy~ has Hausdorff 
dimension 1 for ly-a.a. x G [0,1] is generally of course not true, see also Remark 1 1.5 1 We study the 
condition for a simple case that is relevant to Theorem 3] and [SJ For a given probability vector 
P = iPiYiZo dehne the Bernoulli measure Vp G P([0,1]) as the r-invariant measure determined 
by 

N 

I^p{lNix)) := J|pfc(rHx)) 
i =0 

for all X G [0,1] and N G N. Clearly, Bernoulli measures are Gibbs measures. In addition, they 
satisfy Vp = Up and 1 /“* = yp®Vp. 

Henceforth we consider only the Bernoulli measure Vp, i.e. we consider the distribution of 
0(x, •) under Vp for Vp-a.a. x G [0,1]. In fact, under the assumption of Theorem |4] or [5] the 
equilibrium measure v^-^x associated with the Bowen equation o is a Bernoulli measure as the 
following lemma says. 

Lemma 5.1. Under the assumption of Theorem^ or [31 Vt,\ is the Bernoulli measure with p = 
(Ibe. the unique r-invariant measure satisfying VT,x{Ii) = for i G 

{ 0 , 1 }, where "fi := |/i|Ai or yj := in case of Theorem^ or[31 respectively. 

Furthermore, in the latter case we have s{r. A) =2 — 9, and Vp is the Lebesgue measure. 

Proof. By the canonical coding of [0,1] w.r.t. (di)i=o ripply the variational principle for the 

one-sided shift space with £ symbols. Since the pull-back of the potential (1 — s) logr' -|- log A = 
s log \Ik{.) I ~ log 7fc( ) depends only on the first symbol, the equilibrium measure on the shift space 
as well as the corresponding one on [0,1] are both Bernoulli measures. We can also calculate the 
topological pressure 

n-i 

P((l - s)logr' +logA) = log ^ 

Vi =0 

which gives the parameter of the Bernoulli measure. We refer to e.g. [H Chapter 3] for the 
terminology we used and some related observations. 

Finally, under the assumption of Theorem!^ the Bowen equation is P{{1 — s — 9) logr') = 0. 
Thus 1 — s — 0 = —1 and the equilibrium state 12 .^,a is the Lebesgue measure. □ 



5.1. Case of self-similar measure. Here we prove Theorem|4l Suppose £ = 2 and r is piecewise 
linear. Suppose also that A and g satisfy A(x) := 'yk(x) l^fe(x) I and g'{x) =: a^^x) for given constants 
7 o, 7 i G (0,1) and oq, oi G R. 

Observe that under these conditions 0 does not depend on x, i.e. we can write 0 := 0(-,x) 
for all X. We consider the parametrisation t ^ tX and thus Wr 

for those t G (0, 00 ) which satisfy tXi G (|/i|, 1) for i = 0, 1. Correspondingly, let 0t denote the ’0 
with respect to the parameter t, i.e. 0 t(^) = — G" 7 "(^)afc(j), where 7 )^) := 7 fe({). 


Proposition 5.2. Under the above assumption, i/yoflo 71 ^ 1 ) there is a set if C M of Hausdorff 
dimension 0 such that the distribution ofQt under Vp has Hausdorff dimension 1 for any probability 
vector p and t G (maxjyo, 71 }, 00 ) \ E whenever 


h 


’'p 



{t ^ 7 fe({)) di^piO- 


(47) 
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Proof. We consider the parametrisation s = max{ 7 o, 71 } • t~^. Observe that, for s S (—1,1) \ {0}, 
the distribution of 0 max{ 7 o, 7 i}-s-i under Up is a self-similar measure with respect to the probability 
vector p and the IFS := { 71 ( 5 ) ■ {x — at) : i = 0, 1} in the sense of [7], where 


max{7o,7i}' 


As the separation condition on of [3 Theorem 1.8] is satisfied due to the assumption 7900 ^ 
liai, by m Theorem 1.7] there is a E C (—1,1) \ {0} with Hausdorff dimension 0 such that the 
distribution of 0 max{ 7 o, 7 i}-s-i under Up has Hausdorff dimension min{l, —— y -—for 

any probability vector p and s € (—1,1) \ E. As a locally bi-Lipshitz continuous transformation 
preserves the Hausdorff dimension, the claim is satisfied by letting E := {t G (maxjyo, 71 }, 00 ) : 
max{ 7 o, 71 } • e E}. □ 


Proof of Theorem^ Let i? C K be the set of Proposition 15.21 Observe that the function Wr.tx 
satisfies < tA < 1, as t G (max{ 7 o, 71 }, 00 ). Thus by Theorem |3| and Lemma IST] we have 

dim//(graph(HV,tA)) = dimB(graph(WT,tA)) = s(r, tA) for all t £ (max{ 7 o, 71 }, 00 ) \ E whenever 

^o_ 71 1 

a/ ho I ’ \/Pi| 

Recall that ^*((1 — s(r, t\)) log r' -f log(tA)) = 0 by the definition. In view of (At')“^ = 7 < t we 
have P(—s(t, tA) logr') P(—s(t, tA) logr' -|-log(r'fA)) = 0, which implies s(r, tA) > 1. Hence 

by Proposition 12.21 from the equilibrium expression (or from ([3)) follows 


the condition (H71) is satisfied. Now we shall check it for each t € ( maxjyo, 71 }, min{ 


= (s(t, tX) - 1) y logr'du^^tA - J log (tA) durM 

> - J dvr,tx 

= - J log diyr,tx+ j log \)) dVr,t\ 

= - j ^Og{t-^-i) dVr,tX +j'^Og[-lly)/{f\h{.)\)^dUr,tX > 

since 7 /A = and t < min{-^, -^^}- 


J log{t ^ 7 ) dVr.tX, 


□ 


5.2. Sufficient condition through transversality. In Tsujii introduced (e, (5)-transversality 
to study the L^-absolute continuity of a sort of SRB-measures that corresponds the distribution 
of 0 of this note. This relation is pointed out in [I]. In order to check the condition of Theorem 
Elwe develop his method. Thus we assume the setting of that theorem. In particular, let £ > 2, 
let T be piecewise linear and A := for a 0 G (0,1). Note, however, that g does not need to 

be the specific functions as in that theorem until we require it explicitly. 

As already proved in Lemma |5.II the measure u,- a is nothing but the Lebesgue measure m on 
[0,1]. Thus Vr.x = Up^ for the critical probability vector Pc := (|7o|, ■ ■ ■, 

Observe that A(a;) = Xk{x) and 7 ( 0 ;) = (r'A)“^(x) = 7 / 0 ( 3 ,), where A/ := \Ii\^ and 7 / := 
for f = 0, ...,£- 1. In particular, l{pk(G)(^)) = 7(0- Thus 0(^,a:) = s'{P[i\A^)) is 

differentiable so that the following consideration makes sense. 

Let £,(5 > 0 and G [0,1]. We say that 0(^, •) and 0 (? 7 , •) are (e, (5)-transversal, if for each 
X G [0,1] holds either 


|0(^,a:) — 0 ( 7 ),a:)| > £ or 


I 


-U X) 

dx ’ 


>5. 


Observe that the distribution of {f,,x) 1 —>■ {x,Q{^,x)) under Up ® Up is an invariant ergodic 
measure of the dynamical system / : [ 0 , 1 ] x K —>■ [ 0 , 1 ] x R defined by 

fix, y) ■■= irix), -iix) ■ {y - g'ix))). 


Indeed, we have the invariance 

f{x,e{^,x)) = {T{x),e o B-^{^,x)) . 
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Let .— t^p i^p O (Id, 0) BjHd ® 0(*) tllclt ^p — J" ^{a:} ^ Cp,a: dPp(x). 

Slightly abusing the notation, we define 

fCpA^) ■= Cp,xO 

Furthermore, let m denote (also) the Lebesgue measure on R. For i,j G {0, 1} and r > 0 

we define 


^pi^) •— 2 / IICp,a: Hr'^^p(^)) &nd 

r J[0.1] 

-fp(''’)*)j) •“ ~2 {fA,Pi{x)tfCp,Pjix)) d,iyp[x), 

^ Jfo.ll 


where 


{v^v)r := / v{Br{z)) ^{Briz)) dm{z) 

Jk 

and ||p||^ := {v, v)r for v^v G 7^(M) and r > 0. 

Proposition 5.3. We have 

i-i 

Cp,x(^) = ^ ', Pi f Cp,pi(x){A 

i=0 

for allAGB(R). 

Proof. For A G S(R) we have 

Cp.a:^(^) = '^p({^ S [0,1] : 0(^,x) G a4}) 

= i^p ({C e [0,1] : 0 o B-^ (t(0 , Pk{() (a;)) S A}) 
e-i 

= ^ {T{0,p^iA) e A}) 


e-1 


e [0,1]: 0oB ^(C,p*(x)) e A}) 

2^0 

£-1 

'^P^^^p{A e [0,1] : f{p^{x),e{^,p^{x))) G {x} X A}) 

i^O 

£-1 

'^p^(p,p^{x){{y e R : f{p^{x),y) g {x} x A}) 

2^0 

£-1 

^ [ Pi fCp,Pi{x){A). 


i=0 


□ 


Proposition 5.4. Let — 1. If and Q{ri,-) are {e, 6)-transversal for all 

(^, 77 ) G li X Ij, then we have 

IpcAhj) < 8(5“^ max{4a/e, 1} 
for all r G (0,e/4), where a := |||§||oo- 

Proof. Observe/p„(r;i,j) = / {fCp.pi(x),fCp,pj{x))^ dm[x). As the integral part is bounded by 

8 J-i ^2 niax{4a/e, 1} analogously to [ID Proposition 6], the claim follows. □ 

Proposition 5.5. We have 

ll/Cp,pi(a:) Hr “ liPiix)) ’ HCp,Pi(x) 11 r/7(pi(a;)) 
for all r > 0, X G [0,1] and i G {0, 
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Proof. As 

fCp,pi{x) {Br{z)) = Cp,pi(x) (^^r/'r(pi{x)) +ff ) 

the claim follows by the substitution formula of the integral. □ 

Proposition 5.6. Suppose that 0(5, •) and Q{ri, •) are (e, 6)-transversal for all (5, ry) £ A x Ij and 
1. Then we have 

Ipcif) ^ PIpc (1 + 8(5“^ max{4a/£, 1} 

Vmm[o,i]7y 

max 

for all fc G No and r G (0,£/4), where a := ||||||oo and P := ' 

Proof. Let p = Pc- By Propositions 15.31 and 15.41 we have 


£-1 

4(0 = 'P PiPjIpir;iJ) 

£-1 

^ 'pP^P^Ipi'^^P^'i-) +'pPiP3 Ipir'PJ) 

i=0 i^j 

e-1 

^ '^PiPi ^p{p h i) + 8^”^ max{4a/e, 1}. 

Furthermore, we have 


^-1 ^-1 r 

'^PiP^Ipir■,i,i) = / 7(p*(0) • IICp,p.(x)llr/7(pi(r^))t^w(0 

i=0 ^ '' 

^-1 „2 


i=0 


/ 7(0 • IICp.a)|lr/.y(,,) 

—n ^ li 


< 


max, 


ILf 

Ai 


z=0 
£-1 

^ (min[ 0 ,i] 7)' 
r 


min[o,i] 7 


IICp,a:|lr/(minro^i] -f)dm{x) 


^ Sir. 


.mm[o,i]7 

by Proposition 15.51 Thus the claim is proved. 


□ 


Lemma 5.7. Under the assumption of Proposition fAdl if S < 1, then liminfo^o 4c (^) o®- 

In this case, the distribution of Q{-,x) under Up^ has a conditional L'^-densities hx w.r.t. m for 
Vp^-a.a. X such that f \\hx\\2 dvpd^) < oo- 

In particular, the distribution ofQ{-,x) under Vp^ has Hausdorff dimension 1 for Up^-a.a. x. 
Proof. For example, we can take a sequence r^ := £ (minjopj 7)^/8 so that 

/pFo« 77 (c/8)+ 

Since we have thus lim infr_>o 4 (''’) ^ remaining part of the fist claim can be concluded 

analogously to the proof of [HI Corollary 5]. 

Finally, the absolute continuity to Lebesgue measure implies the full Flausdorff dimension due 
to Lebesgue differentiation theorem. □ 
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Now, we consider the transversality in case g{x) = cos(27ra;). We extend an idea of [I] to find 
explicit parameters. Observe we have 


= -27r^7”(C) sin(27rp[5]„(a:)) , and 


dx 


n—1 

CO 


(C,x) = (C) cos(27rp[5]„{a;)) . 


n—1 


Lemma 5.8. Suppose that g{x) = cos(27ra;). If 


G(min 7 , max 7 ) + G(min —, max —) < So, 

T T 


then there is a 5 > Q such that 0(^, •) and 0 ( 77 , •) are (S, 5)-transversal for all {f, g) G li x Ij and 
where So and G are defined in 

Proof. Let f G h and g G Ij for some 0 ^ i < j ^ — 1. From 


7 iSin( 2 ; 7 /)i{j:)) - 7 j sin( 2 ;Tpj(x)) = (j, - 7 ,)sin ( cos 127^^^^^ 


+( 7 . + 7,) C07 I 27«<d±«M'| si„ ( 


follows 


(27r) ^|0(^,a;) - 0 ( 77 , 37 )I > |7i sin(27rpi(a:)) - 7 ^ sin(27rpj(x))| - 2 ^(max7)’' 


n=2 


> (7i + 7j) 


sin I 27r 


Pt{x) - pj{x) 


cos I 2tt 


p^ix)pj{x) 


2(max7)^ 

1 — (max 7 ) 


^ 2 (min 7 ) 


sin ( 27r 


- l7i -7jl 
P^{x) - pj{x) 


cos I 2tt 


p^{x)pj{x) 


2 (max 7 )^ 

1 — (max 7 ) 


— (max 7 — min 7 ). 


Furthermore, from 


'y^pi{x) cos{2ttp,{x)) -Jj p'j{x) cos(27rpj(x)) 

= (72 P^ix) - 'Yj Pj{x)) cos cos ^27r 


Pi{x) - pj{x) 


+ (72 P'iix) + 7 j p'(x)) sin ( 27r 


.Pi{x)+Pj{x) 


sin I 27r 


Pi{x) - pj{x) 
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follows 


(27r)-2|0'(e,x)-0'(ry,x)| 

^ \li Pii^) cos(27rpi(x)) - jj p'j{x) cos(27rpj (x))| - 2 ^ (^max 

_Pi(x) - pj{x)' 


n—2 


> P^ix) + p'j{x)) 

2 (max 
1 - (max 


sin 27r 


sin 2 ?! 


p^ix)+pjix) 


- \li{x) pI{x) - -fj{x) pj{x)\ 


^ 2 


(min;J) 


sin 1 27t 

2 


Pt{x) - Pj{x) 


2 (max ^) 




7 


— I max — — mm 

t' t’ 


sin I 271 

7 


Pi{x) + Pj{x) 


1 - (max 

By squaring and summing up both equalities above we obtain 

2(max7)^ 


(27r) i|0(^,x) - 0(?7,x)| + + (maxq-miny) 


2(min7) 


(27r) ^|0'(^,x) - 0'(r?,x)| + + (max - min :^) 


a _ mm 711 \ 


2 (min 


> sim I 27r 


p^{x) - pj[x) 


^ <5n. 


Suppose that there is a (w, p) £ li x Ij with i j such that 0(^, •) and 0 (? 7 , •) are not (<5, ^)- 
transversal for any 5 > 0. Then the above inequality implies 

2 


^0 


/ 2(max 7)^ I / • \ \ 

/ l-(max7) 

2 

- 

/ 2(max7)^ 
l-(max 7) 

(max -p — min p 


1 2(min7) 

1 

min ^ 

/ 


As this contradicts the assumption of the lemma, this finishes the proof. 


□ 


Proof of Theorem\^ In Lemma fh.ll we proved s(t, A) = 2—9. Thus the claim follows from Theorem 
ISltogether with Lemmas 15.1115.71 and 15.81 bv the insertion of 7 = (r')® and j/t' = □ 
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